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Nadja Rutsch1, Sara Magliacane2, Stéphanie van der Pas1 (1 Vrije Universiteit Amsterdam 2 Universiteit van Amsterdam)Causal Inference in Finite Samples April 10, 2025 1 / 26



Introduction
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Causal graph

Citrus intake

Diet quality

Depression

Exercise

τ

Confounding path: Citrus intake ← Diet quality → Depression

To estimate the causal effect τ of Citrus intake on Depression, we need
to break the confounding path.
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Treatment effect estimation

Citrus intake

Diet quality

Depression

Exercise

β1 β2 β3

τ

Causal linear model (ground truth):

Citrus intake = β1 · Diet quality + ε1

Depression = τ · Citrus intake + β2 · Diet quality + β3 · Exercise + ε2
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Treatment effect estimation

Citrus intake

Diet quality

Depression

Exercise

β1 β2 β3

τ

Causal linear model (estimation):

Depression = τ̂ · Citrus intake + β̂2 · Diet quality + β̂3 · Exercise + ε̂2

Adjustment set: {Diet quality,Exercise}
Including Diet quality gives an unbiased estimate of τ

But: what about the variance?
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Setting

causal model is linear Gaussian

OLS estimator

only pre-treatment variables

baseline: optimal valid adjustment set O [Henckel et al., 2022]
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Asymptotically optimal adjustment set

Henckel et al. (2022) defined the asymptotically optimal adjustment set O:

O ≡ Pa(M ∪ Y ) \ (M ∪ A)

Pa(.) : parents M : mediators A : treatment Y : outcome

Citrus intake

Diet quality

Depression

Exercise

τ

O = {Diet quality,Exercise}
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Example

Question: Which covariates should we include?

A

V3

Y

V2V1

V4

τ = 0.1

0.9

0.1

0.5-0.7
0.1

0.7 0.1

Answer: It depends on the sample size!
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Finite sample-optimal adjustment set

n=10

A

V3

Y

V2V1

V4

τ = 0.1

0.9

0.1

0.5-0.7
0.1

0.7 0.1

Set MSE

O 0.286
{V2} 0.128

n=50

A

V3

Y

V2V1

V4

τ = 0.1

0.9

0.1

0.5-0.7
0.1

0.7 0.1

Set MSE

O 0.031
{V3} 0.019

n=1000

A

V3

Y

V2V1

V4

τ = 0.1

0.9

0.1

0.5-0.7
0.1

0.7 0.1

Set MSE

O 0.001
= {V2,V4}
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MSE-optimal adjustment set

Our definition:

On(M, τ̂K ) = argmin
K⊆V\{A,Y }

Ev1,v2,...,vn∼M{(τ̂K − τ)2}

M: causal model

K : adjustment set

τ̂K : estimator adjusting for K

How can we find the MSE-optimal adjustment set?

Problem: large search space!
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Example

A

V3

Y

V2V1

V4V5

V6

V7

V8V9
τ

9 covariates → 29 = 512 possible adjustment sets

Can we exclude some of these sets based on the causal graph?

→ Yes, can be reduced to 18 adjustment sets
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Graphical criteria

1 Exclusion of suboptimal variables

2 Forbidden combinations

3 Suboptimal valid adjustment sets
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Partitioning of covariates

We define a partitioning of all variables V \ {A,Y } in G on the graph G′:

G′ = G \ (A→ Y )

A

V3

Y

V2V1

V4V5

V6

V7

V8V9
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Precision Variables

A

V3

Y

V2V1

V4V5

V6

V7

V8V9

Precision variables are d-connected to Y and d-separated from A.

→ Affect only variance, not bias.
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Suboptimal Precision Variables

A

V3

Y

V2V1

V4V5

V6

V7

V8V9

V7 and V8 are d-separated from Y given V6.

→ Always better to adjust for V6 instead.
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Extended Confounding Variables

A

V3

Y

V2V1

V4V5

V6

V7

V8V9

Extended confounding variables are d-connected to A and Y .

→ Affect both variance and bias.
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Suboptimal Confounding Variables

A

V3

Y

V2V1

V4V5

V6

V7

V8V9

V5 is d-separated from Y given V4 and V4 is d-separated from A given V5.

→ Always better to adjust for V4 instead of V5.
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Irrelevant Variables

A

V3

Y

V2V1

V4V5

V6

V7

V8V9V9

Irrelevant variables are d-separated from Y .

→ Always increase MSE.
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Forbidden Combinations

A

V3

Y

V2V1

V4V5

V6

V7

V8V9

V1 and V3 are d-separated from Y given V2.

→ Always better to include {V2} instead of {V1,V2} or {V3,V2}.
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Suboptimal valid adjustment sets

A

V3

Y

V2V1

V4V5

V6

V7

V8V9

The valid adjustment sets {V1,V3,V4,V6} and {V1,V3,V4} are at least as
large as O = {V2,V4,V6}.
→ Always better to use O instead.
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Algorithm

How can we find the MSE-optimal adjustment set?

Input: data, causal graph

1 Prune adjustment sets with graphical criteria
2 For each remaining adjustment set:

Estimate the variance
Estimate the bias

3 Select the adjustment set with the lowest estimated MSE out of all
remaining adjustment sets.

Output: Estimated MSE-optimal adjustment set Ôn

N. Rutsch, S. Magliacane, S. van der Pas Causal Inference in Finite Samples April 10, 2025 21 / 26



Experiments

Setup:

Simulated data based on linear Gaussian causal
model

Compare MSE of the estimated MSE-optimal
adjustment set and the asymptotically
optimal adjustment set [Henckel et al., 2022]

Vary sample sizes to observe the impact on
MSE.

A

V3

Y

V2V1

V4

τ = 0.1

0.9

0.1

0.5-0.7
0.1

0.7 0.1
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Results

Sample Size MSE using O MSE using Ôn

10 0.2789 0.2517
50 0.0317 0.0293

100 0.0154 0.0146
500 0.0029 0.0032

1000 0.0015 0.0016

Table: Comparison of MSE for different adjustment sets

Ôn outperforms O in small sample sizes.

As sample size increases, O becomes optimal.
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Set with lowest estimated variance

Bias estimation is challenging in small samples.

What happens if we choose the adjustment set with the lowest estimated
variance?

Sample Size MSE MSE using O MSE using Ôn

10 0.1525 0.2789 0.2517
50 0.0206 0.0317 0.0293

100 0.0125 0.0154 0.0146
500 0.0063 0.0029 0.0032

1000 0.0056 0.0015 0.0016

Table: Average MSE for different sample sizes, 10,000 random seeds
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Conclusion

Introduced method to find MSE-optimal adjustment sets in finite
samples.

Graphical criteria help reduce the search space.

Experiments demonstrate the potential of invalid adjustments in
finite samples.

Future work:

Nonparametric estimators

Non-linear, non-Gaussian causal models

Post-treatment variables
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